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Abstract— The average bit error rate (BER) performances
of coherently detected 2PSK, 4PSK, and 16QAM in frequency-
selective slow Rayleigh fading are analyzed. Decision feedback
channel estimation (DFCE) is considered, in which the past
L-received signal samples are remodulated to remove the mod-
ulation phase by feeding back the detected symbol sequence
and then averaged. Analytical expressions for the conditional
BER for the given transmitted symbol sequence are derived,
and the average BER performances are evaluated by Monte
Carlo simulation. It is shown that as L increases, the BER
performance improves and approaches that of ideal coherent
detection (with perfect channel estimation), and the loss in Eb/N0
required for BER = 0:1% relative to ideal coherent detection
becomes as small as 0.4 dB when L = 10. It is found that
while the best performance is achieved by 2PSK and 4PSK
when additive white Gaussian noise (AWGN) is the predominant
cause of error (i.e., low Eb/N0 regions), 16QAM modulation
can achieve almost the same performance as 4PSK when the
delay spread is the predominant cause of error (i.e., large Eb/N0
regions), and the worst performance in this case is by 2PSK. The
effects of power delay profile shape (double-spike, exponential,
and Gaussian profiles assumed), rolloff factors of the Nyquist
transmit/receive filters, and the transmitted symbol sequence
pattern on the average BER performance are discussed.
Index Terms— Channel estimation, frequency-selective, PSK,
QAM, Rayleigh fading.
I. INTRODUCTION
MOBILE radio systems require highly bandwidth-efficient digital modulation schemes because of the
limited resources of the available radio spectrum. Recently,
16-level modulation schemes, e.g., 16-square quadrature
amplitude modulation (QAM) and 16-star QAM [or sometimes
called differentially encoded 16-level amplitude/phase shift
keying (16DAPSK)], are being intensively studied [1].
In mobile systems, the transmitted signal is reflected by
many obstacles, e.g., buildings, and thus received via many
propagation paths with different time delays [2]. This produces
time- and frequency-selective multipath fading. Frequency-
selective fading places a upper limit on the maximum
allowable transmission bit rate. Although differentially
encoded and detected 16-star QAM has been extensively
analyzed both in frequency-nonselective fading channels
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[3]–[6] and in frequency-selective fading channels [7], [8],
most of the literature on 16-square QAM performance has been
devoted to frequency-nonselective fading channels [1, ch. 10],
[3], [9]. There have been few reports dealing with frequency-
selective fading channels for 16-square QAM [10], and [10]
has shown by computer simulation that 16-square QAM can
provide almost the same irreducible bit error rate (BER)
due to delay spread as 4PSK. However, there has been no
theoretical analysis of 16-square QAM in frequency-selective
fading channels.
This paper theoretically analyzes 16-square QAM in
frequency-selective slow Rayleigh fading channels (hereafter
we use the term 16QAM for simplicity). Slow fading implies
that the effect of time-selective fading can be neglected so
that transmission errors are mainly produced by intersymbol
interference (ISI) due to the frequency selectivity of the
multipath channel and the additive white Gaussian noise
(AWGN). Coherent detection requires channel estimation
to extract the phase reference. We apply decision feedback
channel estimation (DFCE). The BER performance of QAM
with DFCE was analyzed for AWGN channels in [11]
and MPSK with DFCE for both AWGN and frequency-
nonselective Rayleigh fading channels in [12] and [13].
The DFCE technique can also be applied to the differential
detection of MPSK signals [14]–[17] and 16-star QAM
[4], [18]. In this paper, after introducing the transmission
model used in our analysis in Section II, DFCE is described
and the statistical properties of the channel estimate are
presented in Section III. Section IV derives the conditional
BER expressions for 2PSK, 4PSK, and 16QAM for the given
symbol sequence in frequency-selective slow Rayleigh fading
channels. In Section V, the average BER performance is
evaluated by performing a Monte Carlo simulation using
the derived conditional BER expressions, and the effects of
AWGN and multipath channel delay spread on the average
BER performance are discussed. Also discussed in Section V
are the effects of power delay profile shape (double-spike,
exponential, and Gaussian profiles assumed), rolloff factors
of the Nyquist transmit/receive filters, and the transmitted
symbol sequence.
II. TRANSMISSION MODEL
The transmission model is shown in Fig. 1. The 2PSK,
4PSK, and 16QAM signals to be transmitted can be repre-
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Fig. 1. Transmission model.
sented in the complex form as
(1)
where is the average signal energy per symbol, is
the symbol duration, and is the transmit filter impulse
response. The average of is normalized to unity. The
signal constellations for 2PSK, 4PSK, and 16QAM mod-
ulations are illustrated in Fig. 2. The signal point in the
complex form is represented by , where
and denote the inphase and quadrature components of the
carrier, respectively. The bit mapping into each signal point
is indicated in Fig. 2. For 16QAM modulation, the
component of the carrier is amplitude modulated according
to the two bits and and takes values
from .
The transmitted signal is received via a frequency-selective
slow fading channel. We assume a wide-sense stationary
uncorrelated scattering (WSSUS) channel [19]. Let
be the multipath channel impulse response at time . For a
WSSUS channel, the contributions from different scatterers
creating propagation paths having different time delays are
uncorrelated and the delay-time correlation function of the
channel is given by
(2)
where denotes the ensemble average and is the delta
function. We are interested in the slow fading case only, in
which we can assume over the observation
period of DFCE, where is called the power delay
profile. Note that the time delay is expressed relative to
its mean time delay to which the receiver symbol timing is
locked as assumed in [20]. The frequency selectivity of the
channel is represented by the rms delay spread defined as [19]
(3)
(a) (b)
(c)
Fig. 2. Signal constellations.
where is assumed. As the normalized
delay spread increases, so does the ISI.
The received signal is passed through a matched filter with
impulse response and sampled at time
instant for detecting the symbol , giving
(4)
where is the composite channel impulse response of
transmit/receive filter and multipath channel and is the
filtered noise with zero mean and variance ( is
the one-sided power spectrum density of the AWGN). Letting
, where denotes the convolution oper-
ation, be the overall (of the transmit/receive) filter response,
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we have
(5)
where .
III. DECISION FEEDBACK CHANNEL ESTIMATION
Without loss of generality, we assume that is to be
detected. For coherent detection, we need the phase reference
at time . The channel estimator of Fig. 1 feeds
back the past detected symbols and remodulates the received
signal samples with symbols fed back to obtain the channel
estimate at time , which is given by
(6)
where is the detected symbol at time and
denotes the complex conjugate. The received signal sample
is then divided by the channel estimate in order to remove
the random amplitude and phase due to fading (the division
by is equivalent to the multiplification by ) and to
produce the decision variable , which is given by
(7)
In the case of 16QAM, the two bits are recovered from
and the remaining two bits recovered from
using the decision thresholds and , where
and are, respectively, the real and imaginary parts of
complex value .
For high data rate transmission, fading can be considered
to be very slow, or the fading maximum Doppler frequency
(in mobile radio, given by the mobile terminal travelling
speed divided by the carrier wavelength) can be, say, much
less than 1% of the symbol rate . Under such a slow
fading condition, the channel impulse response can be assumed
to remain almost the same over the observing period of
symbols, i.e., for
. We assume here that ISI is produced
from symbols in the future and symbols in the past.
Substituting (4) into (6), we have
(8)
where
(9)
Equation (8) can be rewritten as
(10)
The value of can be expressed using the frequency re-
sponses and of the transmit/receive filters
and multipath channel, respectively, as
(11)
If the multipath channel frequency response is almost flat
over the modulation bandwidth (or, equivalently, if the nor-
malized delay spread is very small), we can use the
approximation , so we
obtain
(12)
If no decision errors have been produced in the past, i.e.,
, we have (this approximately holds
if the BER is quite small compared to the inverse of the
number of fedback symbols). Consequently, in the case
of small normalized delay spreads, can be used as the
phase reference for coherent detection. The second and third
terms in (10) are, respectively, the ISI component and the
noise component. By increasing the value of , the ISI
and noise components decrease. However, as the normalized
delay spread increases (or as the frequency selectivity of the
multipath channel becomes stronger), the amplitude and phase
of the channel tend to vary over the modulation bandwidth,
and, thus, the estimated phase reference becomes inaccurate.
The BER analysis in Section IV involves the following three
parameters:
(13)
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They are given by
(14)
where is defined by (9) and
(15)
IV. BER ANALYSIS
assume that the majority of the ISI is produced by the
two immediate symbols in the future and two symbols in the
past, i.e., (this is valid if the delay spread is much
smaller than the symbol length ). Thus, a total of
symbols are involved in the BER computation. We assume
no decision errors in the past decisions (this assumption
produces no significant error in the results for small BER
regions [11]). Thus, in Rayleigh fading, given the symbol
sequence, the received signal sample and the channel
estimate become mutually correlated complex Gaussian
variables.
A. 16QAM
Since the transmitted symbols are assumed to be distributed
uniformly over 16 constellation points, to obtain BER expres-
sions for the th symbol to be detected, it is sufficient to
consider the symbols transmitted in the first quadrant only.
However, we need to consider all possible sequences of the
symbols . We define
the following distribution functions of :
(16)
Assume the transmission of . Referring to Fig. 2,
it is found that an error is produced on only the first bit
if and on only the second bit if
while simultaneous errors are produced on
the first and second bits if . Similarly,
we can find the error region of with respect to the last
two bits . Thus, the average BER can be calculated from
. The expressions for the
average BER’s of the three other transmitted 16QAM symbols,
i.e., , , and , can be obtained
similarly. The BER expressions are summarized below for the
transmitted symbols in the first quadrant
for
for
for
for
(17)
The overall average BER given the symbols
can be obtained from
(18)
and this needs to be further averaged over all possible combi-
nations of .
and can be derived from [21, ch. 8.2]. Using
(7), (16) can be rewritten as
(19)
We let
(20)
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to obtain
(21)
Noting that both and are zero-mean complex Gaussian
variables, we refer to [21, pp. 320–323], and we readily obtain
(22)
where is the normalized cross correlation of and
defined as
(23)
Since
(24)
we have
(25)
Replacing with in (20), (21) gives , and, there-
fore, we have
(26)
where
(27)
Finally, by substituting (25) into (22) and (27) into (26),
and are shown in (28), given at the bottom of the page,
where and are given by (14).
B. 2PSK and 4PSK
We assume (which corresponds to
the transmission of “11”) for 4PSK and (which
corresponds to the transmission of “1”) for 2PSK. However,
note that other symbols can take any possible value
with equal probability as assumed in the analysis of 16QAM.
For 4PSK, the transmitted symbol is recovered based on the
signs of the detector outputs and while, for 2PSK, the
transmitted binary symbol is recovered based on the sign of
only. Therefore, the BER expressions are given by
(29)
C. Special Case: Frequency-Nonselective Fading
In this case, we let and .
Thus, becomes
if
otherwise
(30)
and . Assuming correct decision feedback, i.e.,
, the phase reference becomes
(31)
where becomes the complex Gaussian noise with variance
of . Therefore, the signal-to-noise
ratio (SNR) of the phase reference for the given symbol
sequence is given by
(32)
In particular, for 2PSK and 4PSK with circular signal con-
stellations, is exactly given by . Thus, one can
easily understand that the SNR of the phase reference improves
as increases and the BER performance may approach
that of ideal coherent detection (perfect channel estimation).
Referring to [3] and [22], the theoretical BER of ideal coherent
detection can be expressed as a function of average
(28)
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( and ) as
for 2PSK and 4PSK
for 16QAM
(33)
V. SIMULATION RESULTS
A. Simulation Procedure
The average BER performances are evaluated based on the
Monte Carlo simulation technique using the derived condi-
tional average BER expressions. As in [20], we assume that the
sampling timing is locked to the mean delay , therefore,
we assume below without loss of generality. It
is shown in [10], [20], and [23] that the BER performance
is strongly affected by the delay spread, but the power delay
profile shape has a negligible impact if . For
the simulation, however, we consider three types of power
delay profile [20]
for one-sided exponential
for double-spike
for Gaussian.
(34)
The square-root-raised cosine Nyquist filters are assumed as
the transmit/receive filters. The overall filter response is given
by
(35)
where is the rolloff factor. The rolloff factor is an important
parameter since it controls the decay of the ISI tails that affect
the BER under frequency-selective fading environments [10],
[20].
In the Monte Carlo simulation, the four symbols ’s in
the first quadrant were transmitted at equal probability for
16QAM while for 4PSK and
for 2PSK. The random sequence of symbols ,
, was generated first and then,
the conditional BER given the transmitted symbol was
Fig. 3. BER performance of 16QAM. Double-spike delay profile with
rms=Tb = 0:0001.
computed using (17) and (28). Finally, the overall average
BER was computed using (18) for 16QAM and (29) for 2PSK
and 4PSK. The number of symbol sequences generated in the
Monte Carlo simulation for each was at least 8192.
B. BER Performance
The simulated average BER’s of 16QAM are plotted as a
function of the average SNR per bit, ( ),
with as a parameter in Fig. 3 for a double-spike delay power
profile with the normalized delay spread ,
where is the bit duration. The rolloff factor of
was assumed. The channel having this small normalized delay
spread is viewed as a frequency-nonselective Rayleigh fading
channel and the errors are mostly produced by AWGN. It is
clearly seen that as increases, the SNR of the phase reference
increases and the average BER performance improves. For
comparison, the BER performance of ideal coherent detection
(ideal CD), calculated from (33), is plotted in Fig. 3. The loss
in required for BER % relative to ideal is
about 2 dB when , but this reduces to 1 dB when ,
and the loss becomes as small as 0.4 dB when .
The BER performances of 2PSK, 4PSK, and 16 QAM mod-
ulations are compared in Fig. 4(a)–(c) for normalized delay
spreads of , , and , respectively. The
BER due to AWGN is exactly the same for 2PSK and 4PSK
[see (33)], so only the performances of 4PSK and 16QAM
are compared in Fig. 4(a) when (where the
effect of delay spread is negligible). It is clearly seen from
Fig. 4(b) and (c) that when and , as the
value of increases the BER decreases and approaches
Authorized licensed use limited to: TOHOKU UNIVERSITY. Downloaded on March 05,2010 at 03:08:05 EST from IEEE Xplore.  Restrictions apply. 
ADACHI: BER ANALYSIS OF 2PSK, 4PSK, AND 16QAM WITH DECISION FEEDBACK CHANNEL ESTIMATION 1569
(a) (b)
(c)
Fig. 4. Performance comparison of 2PSK, 4PSK, and 16QAM. L = 1; 2; and 10. Double-spike delay profile with: (a) rms=Tb = 0:0001,
(b)rms=Tb = 0:05, and (c) rms=Tb = 0:2.
the BER floors due to the effect of delay spread (the BER
floor is often called the irreducible BER due to delay spread).
While the best performance is obtained by 2PSK and 4PSK,
with which errors are produced by AWGN only, 16QAM
provides almost the same irreducible BER’s as 4PSK and
the worst is produced by 2PSK. One possible reason for this
is that 16QAM has symbols with three different amplitudes
and the symbols with smaller amplitudes produce the smaller
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Fig. 5. Irreducible BER’s of 2PSK, 4PSK, and 16QAM. Double-spike delay
profile. Average Eb=N0 = 100 dB.
ISI, contributing to the smaller irreducible BER’s (this can be
clearly understood from Fig. 8). On the other hand, 2PSK and
4PSK symbols have the same amplitude and always produce
the same amount of ISI.
Fig. 5 plots the irreducible BER due to delay spread as
a function of for an average of 100 dB
and a rolloff factor of 0.5. The irreducible BER increases in
proportion to the second power of . When
, the irreducible BER of 16QAM with almost
equals that of 4PSK and is about 1.7 10 while that
of 2PSK is two times larger. The simulated BER values
of and agree quite well with
those taken from [10, Fig. 4] even though the simulated
BER’s of [10] were gained by computer simulation using
the measured delay power profile. This supports the fact
found previously [20], [23] that the shape of the delay power
profile has no significant impact on the irreducible BER
for small normalized delay spread. The effect of the delay
profile shape is shown in Fig. 6 for an average of
100 dB and a rolloff factor of 0.5. In the case of 16QAM,
the profile shape has almost no influence on the BER per-
formance up to , while in the case of 2PSK
and 4PSK, the performance deviates for different profile
shapes when becomes larger than about 0.2 and 0.4,
respectively.
The effect of rolloff factor on the BER is shown in Fig. 7
when the average and 100 dB for a double-spike
delay profile with . For an average of
100 dB, where most errors are produced by delay spread, the
BER decreases for increasing because the tails of the overall
filter impulse response shapes decay more quickly and the ISI
Fig. 6. Effect of delay profile shape on average BER of 2PSK, 4PSK, and
16QAM L = 10. Average Eb=N0 = 100 dB.
decreases more. However, when we have an average
of 20 dB, where the ISI due to delay spread can be neglected
compared to that of AWGN, the BER is relatively insensitive
to the rolloff factor. This can be explained below assuming the
double-spike delay profile. Neglecting the ISI, it can be shown
from (4) and (5) that the average SNR of the receiver matched
filter output at the sampling instant is approximately
given by . It is found for
the square-root-raised cosine Nyquist transmit/receive filters
given by (35) that the SNR remains almost constant over the
range of to when , thereby resulting
in the constant BER.
The SNR of the channel estimate is affected by the trans-
mitted symbol sequence [see (6) and (32)]. The dependence
of the average BER on the symbol sequence is shown in
Fig. 8 for 16QAM. It is understood from (32) that if the
AWGN is the predominant cause of error, the largest SNR can
be obtained, thus the smallest BER, with sequences having
the largest amplitude, i.e.,
. However, this may not be true for large
regions where the delay spread is the predominant cause
of error because these sequences produce the largest ISI.
Other sequences were considered: the ones having the smallest
amplitude, i.e., .
As was anticipated, it is seen in Fig. 8 that the largest
amplitude sequences provide the best BER performance for
the small regions where AWGN is the predominant
cause of error, while, on the contrary, it gives the worst BER
performance for the large regions where delay spread
is the predominant cause of error.
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Fig. 7. Effect of filter rolloff factor on average BER of 2PSK, 4PSK, and
16QAM. Double-spike delay profile with rms=Tb = 0:05L = 10.
Fig. 8. Effect of transmitted sequence on average BER of 16QAM. Dou-
ble-spike delay profile with rms=Tb = 0:05L = 10.
VI. CONCLUSION
The average BER performances of coherently detected
2PSK, 4PSK, and 16QAM with decision feedback channel
estimation (DFCE) under frequency-selective slow Rayleigh
fading environments were analyzed and analytical BER ex-
pressions for the given transmitted symbol sequence were
derived. In the DFCE, the past -received signal samples
are remodulated to remove the modulation phase by feeding
back the detected symbol sequence and averaged. Using the
derived conditional BER expressions for the given transmit-
ted symbol sequence, the average BER performances were
obtained by Monte Carlo simulation. It was shown that the
BER performance approaches that of ideal coherent detection
(with perfect channel estimation) as increases and the loss
in required for BER % becomes as small as 0.4
dB when . While the best performance is achieved by
2PSK and 4PSK when the effect of AWGN is the predominant
cause of error (i.e., low regions), 16QAM modulation
can achieve almost the same performance as 4PSK when the
delay spread is the predominant cause of error (i.e., large
regions), and the worst performance is by 2PSK. The
irreducible BER of 16QAM due to delay spread is almost
insensitive to the power delay profile shape up to
, however, in the case of 2PSK and 4PSK, the performance
deviates for different profile shapes when is larger
than about 0.2 and 0.4, respectively. It was also shown that the
largest amplitude sequence provides the best BER performance
in the low regions where AWGN is the predominant
cause of error, while, on the contrary, it gives the worst BER
performance in the large regions where delay spread
is the predominant cause of error.
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